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Abstract

FUTURE VALUE

OF AN ANNUITY -

CERTAIN AS A SOLUTION

OF A DIFFERENCE EQUATION

The aim of this note is to show how to use the methods of difference calculus in
mathematics of finance. We calculate an accumulated amount of some special im-
mediate annuities by solving the special type of non-homogenous linear difference
equations of the first order.
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In this article we will deal with annuities
for which the amounts of the payments create
an increasing or decreasing sequence. For
some annuities in which payments are not all
of an equal amount it is simple matter to find
the present (or accumulated) value. But there
exist annuities for which it is not so easy. We
will show procedure or a method how to solve
this problem first for easy and well known an-
nuities (amounts of the payments create an
arithmetic sequence) and then for annuities
which are more complicated.

We will solve this problem using methods
of difference calculus. So we calculate an ac-
cumulated amount of some special immedi-
ate annuities by solving the special type of
non-homogenous linear difference equa-
tions of the first order.

Consider a series of n payments, to be
made in arrears at time intervals of one year.
Let the amounts of these successive pay-
ments form an arithmetic sequence, where
the value of the j-th payment is

X ; = R+ jd,
forj=12..,n

Let the first payment be R+d, difference of
the arithmetic sequence isd. Such a sequence
of payments is called an annuity-certain or an
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immediate annuity and is illustrated in the
time diagram bellow.
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The value of the series of payments at the
time the last payment is made is in mathe-
matics of finance called an accumulated
amount (sometimes also called future value)
of an immediate annuity and is denoted by
S7- We will try to calculate value of Sz (in
what follows we denote Sz only as §,) using
the methods of difference calculus by solv-
ing the special type of difference equation.

First we need recurrence formula for
determining a sequence of future values
{S”}n— of this annuity. Denoting yearly in-
terest rate Z, then from the definition of this
annuity we obtain the following formula

Sp+1 = S, (I+D+R+(n+Dd.

For simplicity we will use notation 14+i=r.

But preceding recurrence formula is also
a linear difference equation of the first or-
der for the unknown function §,, of the vari-
able n. We rearrange it in the form

Sp1 - Spr=R+(n+Dd. @)

and obtain a basic form of the first order
linear difference equation with the constant



coefficients and with the special form of the
right side.

We know [5] that the general solution of
the difference equation with (nonzero)
right side (or homogenous difference equa-
tion) is a sum of the general solution (we de-
note it y,,) of the equation without the right
side and a particular solution (we denote it
z,) of the equation with the right side (or
non-homogenous difference equation).

We begin to determine the general solu-
tion y,, of the following equation without
the right side $,,41 -$,7=0.

Auxiliary equation [4] of this difference
equation is A-»=0 and its solution is A=r.
Thus the general solution y,, of the equation
without the right side [5] is

@

We now restrict our attention to find par-
ticular solution of (1) for special type of the
right side ¢,. We first rearrange the right
side in the following form

4, = R+(n+Dd = dn+(R+d).

Again we know [5] that in the case when
on the right side is first order polynomial of
the unknown nzand number 1 is not the root
of auxiliary equation, then the particular so-
lution has a form

Z, = An+B,
where A, B are unknown constants, which we can
find by substituting the particular solution z,
and 2,41 = A(n+ 1D+ B in the equation (1)? We
then obtain
A(n+D+B-(An+ B)r = dn+(R+d).

We regroup terms on the left side to ob-

tain coefficients for each power of n. Thus

A(-rn+A-B(r-1D)=dn+(R+Ad).
Then, equating coefficients at the same

power of n, we get a system of two equations
with two unknowns A, B

A(r-D=-
A-B(r-10=R+d.

y, =cr’.

Solution is

A= -d . B= -4 R+d'
r-1 r-n% r-1
Then the particular solution z, of (1) is
d d R+d
zn = - n- —
r-1 (-p? r-1

and the required general solution of (1) is
sum of y,, and z,, i. €.

Sp=VYntzp=

d d
= 2

r-1 (r-D

But we need to find the particular solu-
tion which fulfils the additional following
conditions: the first payment is R+d, that
means, we determine parameter Cin (3), so
that §; = R+d. Then

d d
a 2
=0
If we express unknown parameter C from
the preceding equation, we obtain
R+d d d R+d
+ + =
r r(r-D  pr-p? r(r-D
_ R+D-D*+R+d)(r-D+d+d(r-1)
r(r- 1)2
and after regrouping some terms
R+d d
B e R
r-1 (-1

Hence we substitute C in (3) and we have
the required particular solution of our equa-
tion which fulfils additional condition and
is also a future value of an immediate annu-
ity, terms of which increase as the terms of
an arithmetic sequence with the first
amount R + d and difference d.

=Crn -
r-1

R+d
r-1

R+d=cCr' -
r-1

C =

R+d d d d
+ 2 _—n_"~—2_ .
(r-1) r-1 (r-1) r-1

n =

r-1

In expression (4) we first group terms
containing R and from other terms we take

out the factor

d
I We obtain

R
i S s g (w
r-1 r-1 (r-1
Then we rewrite this result using notions
and notations obviously used in mathemat-
ics of finance and hence

e ) )
(-)( +r-1 1+r—1 4
1
Because 1+——= 4 ——, preceding formula
may be expresse& in tﬁé in form
" site 1
o -
g epl Ly ret
r-1 r-1
and after substituting » = 1+, we obtain for-

mula well known from the mathematics of fi-
nance [2]

N S )
r-1 r-1

Sy —(r" D+

’



a+ )” 1

arp"-1, AP

i

S,=R l,

Which we can rewrite in the form

§88, -n
S,=Rs, +d—>—,
i

wheres,, and §,, are notations for the accu-
mulated amount or future value of a unit im-
mediate annuity and a unit annuity-due
respectively.

This procedure we may use also for evalu-
ation of the future value of an annuity, the
terms of which change as the terms of a geo-
metric sequence. But for “arithmetic” and
“geometric” annuity we have also easier
method using standard formulas for n-th par-
tial sum of terms of arithmetic or geometric
sequence. Importance has our method espe-
cially for variable annuities, for which the
partial sums create a sequence, which is de-
fined recurrently and not by determining
general expression for n-th element of the
sequence.

In the following example we will deduce
formula for accumulated amount of some
special variable annuity.

Example of such an annuity may be as fol-
lows. Suppose we have an annuity {X
terms of which are recursive determmedrb
the formula
1. X,=1
2.VnenNnX,1=q-X, +d.

If d = 0, then the sequence is geometric, if
q = 1, then it is arithmetic. So let g#0, 1and
d is nonzero. Then this sequence of annuity
amounts is neither arithmetic nor geomet-
ric. Using the preceding procedure we can
find general expression for the n-th element
of the annuity and then again with the use of
the same procedure finding also a formula
for the accumulated amount. We demon-
strate this procedure on the following
example.

Letg=2 d=1and X; = 1 Then the formula
for the recurrence relationship of the mem-
bers of the annuityis X, ,; =2-X,, +1

First we determine the general expres-
sion for the n-th element of the annuity. The
basic form of difference equation is
X,41-2X,=1 and the corresponding ho-
mogenous equation is X4 -2- X, = 0. Auxil-
iary equation is 1 -2=0and has the solution
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A=2and that implies the general solution y,,
of the homogenous equation y,, =c2".

We can easy see that the particular solu-
tion is z,, = -1 Then the required general so-
lution of the non-homogenous equation and
also the general formula for the n-th element
of the annuity is the sum of y,, and z,,i. e

X,=c-2"-1

Finally we determine the particular solu-
tion which fulfils the additional following
condition: the first payment has value 1 and
we obtain X, =2" -1

In the second step we will determine
a general expression for the zn-th element of
the sequence of the n-th partial sum of terms
of our annuity that means that we will find
formula for accumulated amount S, for
this special type of immediate annuity.
In this case recurrence formula for §,, is
Sp+1 -Sur=X,,41 and using preceding for-
mula for the n-th element of the annuity we
obtain

Sy -Sr=2"1-1

&)

Again the corresponding homogenous
equation is S, -7'S, =0, the auxiliary
equation is A-r=0and the general solution
¥, of the homogenous equation is y, =cr”.

We now want to find the particular solu-
tion of (5) for special type of the right side.
But the right side g,, is sum of two terms
4, =2-2" -1so we need to determine particu-
lar solution z,, of (5) in two steps as a sum of
two particular solutions z,; and z,,, first z,3
for the right side 2-2"” and second z,,, for the
right side - 1. For the right side 2-2"” we ob-
tain particular solution

2n+l
> o=
nl 2y
and for the right side - 1 the solution
. = 1
n2 r-1

Then the particular solution of (5) is sum
ofz,; and z,; i. e.

7n+1 1

+

2-r r-1

Finally we determine the particular solu-
tion which fulfils the additional following
conditions: the first payment has value 1 and
we obtain the following formula for the ac-
cumulated amount S, for our immediate
annuity

Zn

=Zm +Zn =



Sp=VYnt+zp=

S r-Dr-D  2-r r1

2n+1

$$

This procedure we can repeat for the
more general case, i. e. for arbitrary real g
and d.In the first step we then determine the
formula for general expression for the zn-th
element of the annuity. We solve the differ-
ence equation

Xp1-94- X, =d.

Copying preceding procedure step by
step in more general form we first obtain the
general solution y, of the homogenous
equation

IYn = an-

But the right side is only g,, = d so the par-
ticular solution is of the form z, = A. Substi-
tuting z, =2, = 4 into the non homoge-
nous equation we become

g il

1-q
The required general solution is then the
sum of y,, and z,, i. €.

I-g

and the particular solution which fulfils the
additional following condition, the first pay-
ment has value 1, we can deduce from the
condition

X, =Ypt+z,=cq" +

X;=1=cq" +

Tq'
After some rearrangements solution for cis
_1-g-d
 q(-9
and finally formula for the particular
solution which fulfils the additional fol-

lowing conditions, the first payment has
value 1, is

Cc

Biography:

d
1-q

1-gq-d
X, = q q"
q1-q)
After some manipulations
_ A-g-d)q"* +qd _
q9(1-q)
_(-g-dq"" +d _
a-9

_da-¢"H+q"'a-9 _
= =4

d 1_ n-1
— ( q ) +qn—1

I-q

And the final version of the formula is

diq"™ ' -1
. (q ) +qn—1'

q-1

Using the repetition of the preceding sec-
ond step we can also find in this general case
the formula for S,, but the formula is too
complicated, so we omit it.

In this note we showed the use of
a method how to find the formula for accu-
mulated amount for some special immediate
annuities by solving the special type of

non-homogenous linear difference equa-
tions of the first order.
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Xy

REFERENCES:

1. Baldani, J., Bradfield, J., Turner, R., W.: Mathemat-
ical Economics. Thomson South-Western 2005.
ISBN 0-324-18332-1.

. Hutka, V., Institoris, J., MojZiSov4, E.: Finan¢nd
matematika 1. Bratislava 1995. ISBN 80-225-0642-7.

. McCutcheon, J.,]J., Scott, W., F.: An Introduction to
the Mathematics of Finance. Oxford 1991. ISBN
075060092 6.

. McGregor, C., Nimmo, J., Stothers, W.: Fundamen-
tals of University Mathematics. Albion Publishing
Chichester England 1994. ISBN 1-898563-09-8.

. Peller, F., Pinda, L., Fecenko, J.: Matematika 3. Iura
Edition Bratislava 2001.ISBN 80-88715-97-0.

The authors, Ass. Prof. RNDr. Katarina Sakalova, PhD. and Prof. Ing. RNDr. FrantiSek Peller, PhD. work in the Depart-
ment of Mathematics, Faculty of Economic Informatics, University of Economics, Bratislava, where there is a spe-
cialisation in actuarial science. In their research activities they concentrate on insurance mathematics, mathemat-
ics of finance and calculus. They are the leading members of a research groups funded from a grant from the Ministry

of Education of the Slovak Republic.

43



