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MODEL

Summary

SIMULATION
OF COLLECTIVE RISK

The article focuses on providing brief theoretical definitions of the basic terms and
methods of modelling and simulations of insurance risks in non-life insurance by
means of mathematical and statistical methods and operational research, and on
practical examples of applications of these methods using statistical software.
While the risk assessment of insurance company in connection with its solvency is
a rather complex and comprehensible problem, its solution starts with statistical
modelling of number and amount of individual claims. Successful solution of these
fundamental problems enables solving of curtail problems of insurance such as
modelling and simulation of collective risk, premium and reinsurance premium cal-
culation, estimation of probability of ruin etc.

The article also presents some essential ideas underlying Monte Carlo methods and
their application to modelling of insurance risks. Solving problem is to find the proba-
bility distribution of the collective risk in non-life insurance portfolio. Simulation of
the compound distribution function of the aggregate claim amount can be carried
out, if the distribution functions of the claim number process and the claim size are
assumed given. The Monte Carlo simulation is suitable method to confirm the results
of other methods and for treatments of catastrophic claims, when small collectives

are studied.

Analysis of insurance risks using risk theory is important part of the project Solvency
II. Risk theory is analysis of stochastic features of non-life insurance processes. The
field of application of risk theory has grown rapidly. There is a need to develop the
theory into form suitable for practical purposes and to demonstrate their application.
Modern computer simulation techniques open up a wide field of practical applica-
tions for risk theory concepts, without requiring the restrictive assumptions and so-
phisticated mathematics. This article presents some comparisons of the traditional
actuarial methods and of simulation methods of the collective risk model.
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1. MODELLING OF INSURANCE
RISKS

We shall consider a short term insurance
contract covering a risk. By a risk we mean
either a single policy or a specified group of
policies. The random variable S denotes the
aggregate claims paid by the insurer in the
year in respect of this risk. We are going to
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construct the models for the random vari-
able S - so called the collective risk models.

A first step in the construction of a collec-
tive risk model is to write S in terms of the
number of claims arising in the year, de-
noted by the random variable N, and the
amount of each individual claim. Let the ran-
dom variable X; denote the amount of the
i-th claim. Then



where Xj, X5, ..., Xy are independent and identi-
cally distributed variables, N, Xj, X5, ..., Xy are
mutually independent, and if N =0, than § = 0 too.

The problems we will be solving are the
derivation of the moments and distribution
of S in terms of the moments and distribu-
tions of N and the X/’s.

We will assume that the moments and the
distributions of N and X;’s are known with
certainty. In practice these would probably
be estimated from some relevant data using
methods of parameters’ estimation and
goodness of fit tests.

We shall denote by G(s) distribution func-
tion of S and F(x) the distribution function
of X, so that G(s)=P(S<s)=Fs(s) and
F(x)=P(X; <x). The k-th moment of X;
about zero, k=1 2 3 K, will be denoted
my, = E(XF).

We will not use exact methods for evaluat-
ing G(s), but we will use approximate meth-
ods. For the approximate methods we need
to know the moments of S. Basic expres-
sions, known from actuarial literature there
are E(S) = E(N)my

D(8)=E(N) (my -m2)+D(N) m ()
My (2)= My (In Mx(2))

The distribution of S is an example of
a compound distribution. We consider the
most important case when N has a Poisson
distribution. We say that S has a compound
Poisson distribution with parameters 4 and
F(x). In this case results (2) we can express
in simple forms:

E(S)=Amy 3

D(8) = A(my -m2 )+ Am2 = amy (%)
M (2)= el[Mx(Z)-l] (5)

u3(8) = Amg 6)

P (8) __fms >0 @)

3 3
D]z (am,)2

The coefficient of skewness y shows that
the distribution of S is positively skewed and
for large values of A the distribution of S is al-
most symmetric.

We suppose that all we know or can confi-
dently estimate about S are its mean and vari-
ance. Bearing in mind the Central Limit Theo-
rem, this suggests assuming S is approximately
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normally distributed. An important draw-
back of this approximation may be that
normal density is symmetric, i.e. has zero
skewness, and has a right hand tail which
goes to zero very quickly. For many types of
insurance the distribution of S is positively
skewed with a fairly heavy right hand tail
and so normal approximation will tend to
underestimate P(S > x) for large values of x.

Suppose we know or can estimate with rea-
sonable confidence the first three moments
of S. One way of avoiding or at least reducing
the problem of underestimating tail probabili-
ties is to approximate the distribution of S by
a translated gamma distribution. Let u, o2 and
y denote the mean, variance and coefficient of
skewness of S. We assume S has approximately
the same distribution as the random variable
k+Y,where k is a constant and Y has a gamma
distribution G(a, 8). The parameters &, aand
are chosen so that & + Y has the same first
three moments as S.

Equating the coefficients of skewness,
variance and means of § and & + Y gives the
following three formulae

2 (04

2
=— 0
" e B
from which a, fand k can be calculated from
the known values of y, o? and y-

=/;%, u=rk+ ®

2. MONTE CARLO SIMULATION
OF COLLECTIVE RISK

The simulation of the values of S consists
of the following steps:

1. Generate the number of claims 7n; from
the known distribution of variable N
(Poisson, negative binomial ... ) using the
random number generator.

. Generate from the known distribution of
the individual claim amount X just 7 val-
ues of the individual losses xq, x;, ...., X, .

. The sum s; =x;1+ x,+ ...+ X, gives the
first random number s; of the aggregate
claim amount (collective risk) S.

. The steps 1 to 3 repeat n-times to get gen-
erated random numbers s, s, ..., S,
from unknown distribution of §.
Simulated values sy, s,, ...., s, enable us to

solve two important tasks:



1. To verify suitability of probability models
of S, those found by exactness actuarial
methods.

2. To find the probability model of S by appli-
cation of Goodness of Fit Tests using sam-
pling data generated by Monte Carlo simu-
lation.

3. EXAMPLE OF APPLICATION

Suppose that the number of claims N in-
curred in time period of one year follows
a Poisson distribution with parameter
A =10 000.

We know the values of 91 individual
claims made on an insurance portfolio. We
will assume that these individual claim
amounts are drawn from a particular distri-
bution, called a loss distribution. Using Max-
imum Likelihood estimation and Goodness
of fit tests in statistical analytical system SAS
9.1 we have verified that lognormal distribu-
tion with parameters u=9,741and 0% =2165
give a very good fit to the empirical data of
individual claims amounts.

The first three moment of lognormal dis-
tribution can be calculated from the formula

0,2

E(Xk) =eku+ > B2

Then

my =50 1712

my = 21936129213
my =835827-101°

Using formulaes (3) to (7) we calculated
the descriptive measures of the collective
risk S in Table 1.

Table 1 Descriptive Measures of the Collective Risk §

501712000 | 2,19361E+14 | 8,35827E+20 0,257262525

Source: Own Calculations

Except of the normal approximation of
S with parameters x=501712000 and
o? =2.,1936*1014 we can approximate the
distribution of S by a translated gamma dis-
tribution with parameters in table 2.

Table 2 The parameters of Translated Gamma
Distribution of S

60,43756191 5,24896E-07

Source: Own Calculations

386570080,3

Using the own computer programme of
Monte Carlo simulation in SAS system we
have generated 10000 values of S (See:
http://www.fhi.sk/files/katedry/ks/pacakov
a-inauguracna/Priloha-6.xls).

We use these simulated values of S to verify
the suitability of translated gamma distribu-
tion with parameters in table 2 by goodness of
fit tests in SAS Enterprise Guide 3.0 (table 3).
Because of p-value > 0, 05, all three tests in ta-
ble 3 confirm the translated gamma distribu-
tion gives a good fit to collective risk model of §.

Table 3 Goodness of Fit Tests for Translated Gamma
Distribution

~ Goodness-of-Fit Tests for gamma distribution

Source: Own Calculations in SAS Enterprise Guide 3.0

Figure 1 Histogram and fitted translated gamma
model
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Using sampling data generated by Monte
Carlo simulation we have find also trans-
acted lognormal distribution in SAS system
(table 4) with parameters estimated by maxi-
mum likelihood method (table 5) as a model
that gives a good fit to simulated data of S.

Table 4 Goodness of Fit Tests for Translated
Lognormal Distribution

J , | Statistic |
Kolmogorov-Smimov | D | o.0054355 |_Prap |

_ Cramer-von Mises

Test

Source: Own Calculations in SAS Enterprise Guide 3.0



Table 5 Parameters Estimation for Lognormal
Distribution

3.1093E8

| zeta 19.06412
igma 0.077258
5.018E8

14768374

Source: Own Calculations in SAS Enterprise Guide 3.0

The Q-Q plot (Figure 2) shows the quantiles
of sampling data simulated by the Monte Carlo
method plotted versus the equivalent percen-
tiles of the fitted lognormal distribution. The
fact that the points lie close to the diago-
nal line confirms the fact that the trans-
acted lognormal distribution provides a good
model for the simulated data of S.

Figure 2 Q-Q plot of the empirical and expected
quantiles
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5. CONCLUSION

The article presents the application of
Monte Carlo methods in non-life insurance.
Solving problem is to find the probability dis-
tribution of the collective risk in non-life in-
surance portfolio. Simulation of the com-
pound distribution function of the aggregate
claim amount can be carried out, if the dis-
tribution functions of the claim number
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process and the claim size are assumed given.
The Monte Carlo simulation is suitable
method to confirm the results of other meth-
ods and for treatments of catastrophic
claims, when small collectives are studied.
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